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Abstract

The control of the flutter instability and the conversion of the dangerous character of the
flutter instability boundary into the undangerous ome of a cross-sectional wing in a
supersonic/hypersonic flow field is presented. The objective of this paper is twofold: i) to
analyze the implications of nonlinear unsteady aerodynamics and physical nonlinearities on the
character of the instability boundary in the presence of a control capability, and ii) to outline the
effects played in the same respect by some important parameters of the aeroelastic system. As a
behavior of the system are captured and emphasized. The bifurcation behavior of the open/closed
loop aeroelastic system in the vicinity of the flutter boundary is studied via the use of a new
methodology based on the Liapunov First Quantity. The expected outcome of this study is: a) to
greatly enhance the scope and reliability of the aeroelastic analysis and design criteria of
advanced supersonic/hypersonic flight vehicles and, b) provide a theoretical basis for the

analysis of more complex nonlinear acroelastic systems.
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Introduction

During the evolution of the combat aircraft, dramatic drops of the flutter speed can be
experienced. As a result, the aircraft can attain the critical flutter speed and depending on the
nature of the flutter boundary, i.e. catastrophic or benign, the aircraft can exhibit dramatic
failures or can survive, respectively. At this stage, according to the flight regulations, the flutter

speed should be (22 - 25)% larger than the maximum speed the airplane can experience in the

dive flight. This large margin of security is imposed, in order to prevent the catastrophic failure

the catastrophic flutter boundary into a benign

one. These facts emphasize the considerable importance of at least two issues: a) of including in
the aeroelastic analysis the various nonlinear effects, on which basis is possible to get a perfect
understanding of their implications upon the character of the flutter boundary, and b) the
importance of implementing adequate active feedback control methodologies enabling one not
only to increase the flutter speed, but convert the catastrophic flutter boundary into a benign one.

The problem of aeroelastic stability in the vicinity of the flutter boundary, for both the lifting
surfaces and supersonic panels, is an issue that requires a great deal of research toward
understanding the effects of the nonlinear unsteady aerodynamics and structural/physical
nonlinearities. Related to this problem, as it was shown in Ref. 1, the various nonlinearities that
occur in the aeroelastic governing equations and are of structural (i.e. arising from the
kinematical equations”), physical (arising from the constitutive equations), or coming from the
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unsteady aerodynamic loads™"”, can render the flutter boundary either catastrophic or benign. In

the former case, crossing the flutter boundary results in an explosive failure of the structure,

speed takes place.



It is well known that, aerodynamic and structural nonlinearities affect the aeroelastic response of

the wing and the flutter boundary' %7,

Taking in to account these nonlinearities, an
understanding of their potential influence on the character of the flutter can be reached.

This paper restricted to a supersonic/hypersonic cross-sectional wing is intended to address these
issues.

Due to the practical importance of these problems, a thorough investigation is needed not only to
determine whether or not, for the actual geometrical physical and aerodynamical parameters of
the structure, the flutter boundary is of a catastrophic nature, but also to be able to convert it, if it
is the case, to a benign one.

and physical parameters of the lifting surface, the flutter boundary is catastrophic, an active
control mechanism should be implemented as to convert the flutter boundary into a benign one.
In this sense, by controlling the aeroelastic_response, the active control methodology™'®"* is
likely to play a powerful role toward avoiding the occurrence of catastrophic failures, toward
rendering the flutter boundary a benign one, 7@& the expansion of the flight envelope.

In this paper a general method able to approach both the problem of lifting surfaces flying at
supersonic/hypersonic flight speed regimes and that one of panel flutter', have been developed.
This methodology will permit to identify the nature of the flutter boundary (i.e. benign or
all the factors, starting with the nonlinearities and continuing with all the aeroelastic parameters
of the structure. In this context, general conclusions related to this matter can be reached.
Moreover, the analytical methodology to address this issue is based on powerful mathematical
tools elaborated by famous mathematicians, such as Bautin'®, a disciple of Liapunov, Hopf, etc.
All these elements suggest that, in order to predict the flutter instability boundary and its
character, it is vital to efficiently model the unsteady aerodynamics of lifting surfaces associated
with the corresponding flight conditions.

It should be noticed, that in spite of the great practical importance, the literature dealing with the

presence of both physical and aerodynamic nonlinearities in the conditions of the

supersonic/hypersonic flight speed in the subcritical flight conditions is quite void of any such

results'.



There are many potential sources of nonlinearities, which can have a significant effect on an
aircraft’s aeroelastic response. One essential limitation involving the linearized analysis is that it
can only provide information restricted to the flight speed at which the aeroelastic instability
occurs. Furthermore, the linearized analyses are restricted to cases where the aeroelastic response
amplitudes are small. Often this assumption is violated prior to the onset of instability. Thus, to
study the behavior of aeroelastic systems in either the post-instability region or near the point of

for.
Hopf-Bifurcation

The issue of the character of the flutter boundary, i.e. benign or catastrophic, can be revealed
via determination of the nature of the Hopf-Bifurcation (i.e. supercritical or subcritical,
respectively) as featured by the nonlinear aeroelastic system"'’.

boundary versus the dimensionless flight speed in terms of the growth of the limit cycles
oscillation (LCO) amplitudes is depicted in Figs. la and 1b. The curves indicated by 1 and 2 are

speed V., the aeroelastic system is stable, whereas above V., the system is unstable for any
value of the initial conditions. Above V. in 3 the system tends to the stable LCOs, that is known

as supercritical Hopf-bifurcation (H-B), identifying an undangerous flutter boundary, whereas

the curve indicated by 4 characterizes a subcritical Hopf-Bifurcation that yields the catastrophic

lines identifies the two cases known as knee-like shape bifurcations in which a rurning point is
experienced. Moreover, according to the initial conditions, in 3 and 4 the LCOs amplitudes of the
system decrease or increase (stable, unstable). In addition, the cases depicted in 5 and 6 are
stable and unstable. Due to its highly destructive effects, flutter instability must not occur within
and on the boundary of the operating envelope of the flight vehicle. In this sense, the nonlinear
approach of lifting surfaces of aeronautical and space vehicles permits determination of the
conditions under which undamped oscillations can occur at velocities below the flutter speed, (in
this case the flutter boundary is catastrophic) (case corresponding to curve 3 in Fig. 1), and also

of the conditions under which the flight speed can be exceeded beyond the flutter instability,
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without catastrophic failure (in this case the flutter boundary is benign) (curve 4 in Fig. 1). As a
by-product of the nonlinear aeroelastic analysis, the flutter speed V. i.e. the speed for which the

undisturbed form of the considered structure ceases to be stable, can be determined via a linear
stability analysis of the aeroelastic system.

Loosely speaking, the Hopf-bifurcation theorenf‘o’rstipu]ates that if the characteristic equations of
the linearized system about an equilibrium position exhibit pairs of complex conjugate
eigenvalues that cross the imaginary axis as one of the control parameter varies, (in the present
case this parameter is the flight speed V'), then for the near-critical values of V' there are limit

cycles close to the equilibrium point. Just how near the critical flutter speed V. has to be is not
determined, and unless a certain rather complicated expression is nonzero, the existence of these
limit cycles is only assured exactly at the flutter speed (V =V, ). The sign of the expression
determines the stability of the limit cycle, and whether the limit cycle exists for subcritical

(V 2V.) or supercritical (V <V, ) parameter values.

Behavior in the Vicinity of the

In this study, the determination of the dangerous/undangerous character of the critical flutter
boundary and its control reduces to the determination of the sign of the first Liapunov quantity,
for the instability boundaries that correspond to the purely imaginary roots of the characteristic
equation. The approach used in Refs. 1 and 2 for the panel flutter, is extended in the present
work to the aeroelasticity of nonlinear 2-D lifting surfaces.

The behavior of the general dynamic systems near the boundaries of the stability domains
was investigated by Bautin'® who considered only those portion of boundary of the region of
stability for which the characteristic equations exhibits either one root only, or two roots, that are
purely imaginary. _‘

Starting with the expression of the first Liapunov quantity L(v,), pertinent conditions defining
the dangerous and undangerous character of the flutter critical boundary can be determined on
the basis of the considered nonlinear aeroelastic system. Specifically, from the condition that

L(V, ) should satisfy the inequalities L(V,)<0 and L(V,)>0, we determine the undangerous



and dangerous portions, respectively, of the boundary of the Routh-Hurwitz domain, and

implicitly, the influence played by the various nonlinearities included in the system.
In the next developments the first Liapunov quantity L(V,) corresponding to the nonlinear

flutter equations of open/closed loop cross-sectional wing in a supersonic/hypersonic flow field
is derived and is used toward determining the conditions that characterize the nature of the flutter

stability boundary.

Nonlinear Model of Cross-Sectional Wing

Toward formulating the open/closed loop aeroelastic theory of cross-sectional wing in a
hypersonic flow field both the aerodynamic and physical nonlinearities are included. This is
motivated by the fact that these nonlinearities can contribute differently to the character of the
flutter boundary. Moreover in the case when, due to the character of considered nonlinearities,
the flutter boundary is catastrophic, an active control mechanism will be implemented as to
convert the flutter boundary into a benign one. ' -

The open/closed loop aeroelastic governing equations of a cross-sectional wing featuring

plunging and twisting degrees of freedom, elastically constrained by a linear translational spring

and nonlinear torsional spring, exposed to a supersonic/hypersonic flow field are'*";
mh(t)+ 5,6t )+c,hlt)+ K, h(t)=L,(t), (1)
S h(t)+ 16 )+c,a(t)+ M, =M, (t)-M_. (2)

Herein h{t) is the plunging displacement (positive downward), aft) is the pitch angle (positive

nose up), the superposed dots denote differentiation with respect to time £, m is the structural

mass per unit span, S, is the static unbalance about the elastic axis, 7, is the mass moment of
inertia about the elastic axis of the airfoil, ¢, and ¢,, K, are the linear plunging and pitching
damping and stiffness coefficients, respectively. Moreover, in Eq. 2:

M, =K, o)+ 8K 0’ (1), (3)

represents the overall nonlinear restoring moment, that includes both the linear and the nonlinear

stiffness coefficients, K, and K, . respectively.



Within a linear model (6 =0), M, would simply be replaced by K,a(r). The nonlinear
coefficient in Eq. (3) can assume positive or negative values. In the former case we deal with a
hard physical nonlinearities, while in the latter one with a soft physical ones. Notice that this
nonlinearity appears in the present case in the equation relating the restoring moment with the
pitch angle and, it has as such the character of a constitutive equation. For this reason, in contrast
to the terminology of structural nonlinearity, that in the authors’ opinion is not proper for this
case, herein we are using that of physical nonlinearity.

The tracer & that identifies this type of nonlinearities can take the values | or O depending on

whether this nonlinearity is accounted for or discarded, respectively.

The active nonlinear control can be represented in terms of the moment M . as:
M =M a(t)+6.M .o (), 4)

where M—C,MC are the linear and nonlinear control gains, respectively. Also in this case, within

As to reduce the aeroelastic governing equations to a dimensionless form, we also define the

parameter:
B=K,/K,. (5)
and the two active control gain parameters:
v, =M /K, (6a)
w,=M_/K, . (6b)

B constitutes a measure of the degree of the nonlinearity of the system and corresponding to
B<0 or B>0, the nonlinearities are soft or hard, respectively, while y,,y, denote the
normalized linear and nonlinear gains, respectively.

Let now derive the nonlinear unsteady aerodynamic lift and moment. From Piston Theory

Aerodynamics (PTA)*?

, the pressure on the upper and lower faces of the lifting surface can be

expressed as:

7_1 v 2y/(y-1)
plxt)=p, | 1+1——+ : (7)
a

where the downwash velocity normal to the lifting surface v, is expressed as':



v =—[—alv—+U a—w]sgnz, (8)

ol Tk
and
al =xf= C)
P..

Herein p_,p... U, and a_ are the pressure, the air density, the air speed, and the speed of sound

of the undisturbed flow, respectively. In addition, x is the isentropic gas coefficient, ratio of
specific heats, under constant pressure and constant volume, respectively (kK =1.4 for air), w is

the transversal displacement of the elastic surface from its undisturbed state

edge (positive aft), whereas & is the half-chord length of the airfoil.
Retaining, in the binomial expansions of (7), the terms up to and including (v, /a_ ), yields the

pressure formula for the PTA in the third-order approximation®*;

2 3
L=1+Kv_ly+M iy +M v_l‘y . (10)
D.. a, 4 - 12 {a,
Herein the aerodynamic correction factor 72
M,
Y= (11)

TEE

enables one to extend the validity of the PTA to the entire low supersonic-hypersonic flight
speed regime. As mentioned in Ref. 1, Eq. (10) are satisfactory even for M 22. It is also
important to remark that, Eqs. (7) through (10) are applicable as long as the transformations
through compression and expansion may be considered as isentropic, i.e. as long as the shock
losses would be insignificant (low intensity waves).

On the other hand, a more general formula for the pressure, obtained from the theory of oblique
shock waves (SWT)**, and valid over the entire supersonic — hypersonic range, can be applied
(see Ref. 2, 22, 24, 25):

2 5 3
D.. a 4 a

oo o0



Eqgs. (10) and (12) are similar, the only difference occurring in the cubic term. This is explained
by the fact that the entropy variation appears in the pressure expansion, beginning from the third-
degree terms. In contrast to the previously mentioned formulae, this one, holds valid both for
compression prior the shock wave and for expansion (it is being assumed that the shock waves
are all the time attached to the sharp leading edge, and that the flow behind these waves remains
supersonic). Moreover, Eq. (12) encompasses a number of advantages such as: i) takes into

account for the shock losses occurring in the case of strong waves, ii) can be used, in the form
derived in Refs. 24, 25, over a larger range of angles of attack (a < 30") and Mach numbers
(M >1.3), and iii) is still valid for Newtonian speed (M — oo;y —1). Comparisons of results

depicting the dangerous and undangerous character of the flutter boundary using these two
formulae will be presented at the end of this paper. However, as it clearly appears, within the
linear stability analysis, the flutter speed evaluated with these two expressions does not exhibit
any differences. This is due to the fact that for such an analysis, only the linear terms are retained
toward evaluation of the flutter speed, and these ones are identical for both PTA and SWT (see
Eqgs. (10) and (12)). -
The two cubic term coefficients differs by 10% 7for kK =1.4, and so, for a better prediction of the
character of the flutter instability boundary, it has to be included (see Ref. 22). Moreover, the
SWT, which considers the pressure losses through shock waves, gives more accurate results then
the PTA. )

The flutter speed vs. flight Mach number obtained from the PTA and SWT including (i.e.
extending the flight speed toward low supersonic range), and discarding the correction factor for

the speed ¥ (in the sense of considering M2 >>1, and consequently ¥ — 1) is shown in Fig. 2.
peed ¥ g yvy

In addition, the flutter boundary obtained via the use of the exact supersonic unsteady
aerodynamics is depicted on the same figure. In the low supersonic flight speed regime, the PTA
and SWT with the corrective term gives a rather good agreement with the supersonic flow theory
and so, this correction should be included. At the same time, for higher supersonic Mach flight
numbers, the differences in the flutter predictions based upon the indicated aerodynamic theories
practically disappear. In the next developments, unless otherwise stated, Piston theory

aerodynamics has been applied.



Considering that the flow takes place on both surfaces of the airfoil (with the speed
Ul =U-=U_), from the Egs. (7) - (10) we can express the aerodynamic pressure difference dp
as:

l 3
= — w—tw,. ) |} 13
Ll et e M (ot ) (13

o oa oo

Herein, M_ =U_/a_ is the undisturbed flight Mach number, while g =% p U’ is the dynamic

oo

pressure.

Notice that, in Eq. (13) and in the next developments, the cubic nonlinear aerodynamic term will
be reduced to the (w,, )" only, in the sense that the nonlinear aecrodynamic damping will be

discarded. There is no clear-cut for the start of the hypersonic flight speed regime. Generally
speaking, speeds above Mach-5 are considered hypersonic. This is the speed at which the
aerodynamic heating becomes important in aircraft design. Having in view that this effect will
not affect the conclusions about the implications of the considered nonlinearities, the effects of
the non-uniform temperature field are neglected here.

Next, the nonlinear unsteady aerodynamic lift L, (t) and moment M (t) per unit wing span can
be obtained from the integration of the pressure difference on the upper and lower surfaces of the
airfoil:
2b 2
L, (t)='[0 dpdx  and Ma(t)z—'[ob5p(x—xEA )x . (14a,b)

Their nonlinear final expressions can be cast in compact form as:

LO)=-25=L b =Lo pf2U_ o)+ MU (1+ K)o O+ 12i0)+ b-x a@)]) (159)

oc

Mu(z)=%}&y{1zuw(b-xm )+ MU (b-x,, X1+ Ky ()

3

+ 4B (b - x g Jale)+ (@b” — 6, +322, ()] . (15b)

As a result, the governing equations (1) — (2) considered in conjunction with Eqgs. (15a,b) feature

the inertial and the aerodynamical types of couplings.
Upon denoting the dimensionless time T =U_t/b, the system of governing equations, including

the control terms, can be cast as:

§7(e)+ x.0"(2)+ 28, (w/V)é‘(f)+(w/V) ¢()=1), (16)

10



=m,(t)-y, [Via(t)-v,/Via'(r), (17)

in which £, (s L,b/mU2) and m, (= Mabz/lan), denote the dimensionless aerodynamic lift and

moment, respectively. These are expressed as:

la(r)=—12uM l2a(0)+ M2+ k) a (1) + 120 @)+ (b= x,, Yoo ()]}, (18a)
m (z)= W 1{12b xg Ybo(t)+ M2 (b-x,, )b+ x)y e (€)
+4[B6 - x, )/b& )+ (ab® - 6bx,, +3x2, )/b* o' (@)} : (18b)

Herein, & =h/b, is the dimensionless plunging displacement, the superposed primes denote

differentiation with respect to time 7, u=m/4pb® is the dimensionless mass parameter,

Xo =S, /mb is the dimensionless static unbalance about the elastic axis E, r, = \/Ia/—mbz is the
dimensionless radius of gyration with respect to E, V =U_, /bw, is the non-dimensional airspeed
parameter, » =, /®, is the plunging-pitching frequency ratio, where - ¢, (=c,/2mo,),
$, (=c, /21,0, ) are the damping ratios in plunging and pitching, and where @, = m and

w, =+/K, /I, are the uncoupled frequencies of the linearized aeroelastic system counterpart in

plunging and pitching, respectively. In addition, in the above equations the terms underscored by
a single solid and a dashed line identify the aerodynamic and physical nonlinearities, whereas the
terms underscored by a double solid line identify the active control terms, respectively.

As previously stated, the conditions of dangerous or undangerous character of the flutter
instability boundary were obtained by the use of the Liapunov first quantity L(V, ). This quantity
will be evaluated next.

To this end, the system of governing equations is converted to a system of four differential

equations in the form'>'¢;

dx, _
-Ea X, +P(x,x,,%,x,), j=14. (19)
dT m=l

For the present case the functions Pj(xl,xz,x3,x4) include both the physical, aerodynamic and

nonlinear control terms that can be cast as:

I1



4
Pj(xl,xz,,wr},r4 za X, +22ah’)J€ X, +Za,” x; +32a”, X x,+6 Za,(,{)x‘ x,x, .(20)
) () tat)

Specializing these expressions for our case, the governing equations in state space form can be

reduced to:
%——x‘ (21a)
szxrz — | 21b)
%‘-:al‘-‘)x, (0)+ ax, (£)+ 8 ,al)x; (0)+ 8,0y x; (0)+ 8al)x) 1)+ aPx, (2) + 0, (z), (21c)
%—al x (0)+aWx,(0)+ 8,686 (1) + 8,08 X3 (2)+ 8 ,.al) X3 (2)+ alx, () + a{x, (r). (21d)

where (€ = x,;00 = x,;¢" = x;;&" = x,). The linear active control is included in the coefficients
ag ) and ag“), whereas the nonlinear ones are included in the terms accompanying the tracer 6 ..

The coefficients of Egs. (21) are displéyed in Appendix A. As it clearly appears from these
coefficients, if the streamwise position of the pitch axis coincides with that of the center chord,
the nonlinear aecrodynamic terms decay in importance, in the sense that the aerodynamic pitching

moment vanishes.

Considering the solution of Eqgs. (21) under the form x, = 4, exp(wt), the characteristic equation

corresponding to the linearized system counterpart is:
0+ po* +qa* +ro+s5=0, (22)
where: e
_ V338 4 6, (r = D=6, [+ 312 vy +2M g, + 20t
) 3M_uv (i} - 22)
M_pr? M _pQ+@? +w, )+ 20, Vy +2M_uwe, )
MIpvE - 22)

Vly (y +3Mp = 3M g, )+ 8M_uBE, + 6M i, = 3M e,V +43C,)] . (230
M Vil -x2)

oM _pQ+y ) + V(- 1)]
M vl -x2)

(23a)

q=

) (23¢)

12



3 s e, + (+y, vy +2M _uo¢, )+ vio Box? -6x, (@ + V¢, )+ 2@ +3v¢, )] 230)

MVl - 22)

Three of these parameters, namely ¢, s, and r are dependent of the linear control gain . This is

important toward determination of the flutter boundary, that becomes function of the control
gain. These expressions substantiate in a strong way the previously mentioned statement, that
within the present approach, the issues of the control and nature of flutter boundary can be
determined in an analytic way.

As a reminder, for steady motion, the equilibrium is stable, in Liapunov’s sense, if the real parts
of all the roots of the characteristic equation are negative®®. It is well known that, the analysis of
the roots of this equation, leads to the Routh-Hurwitz (R-H) conditions, which define the system
parameter bound for the stability of the considered state of equilibrium.

The R-H conditions reduce to the inequalities p>0, ¢>0, r>0, s>0, and
R=pgr-sp’ —r*>0. For the aeroelastic stability problems, in which the condition

A, =sp/r+p’ /4 >0 should be satisfied, the roots of the characteristic equation on the critical

flutter boundary, R = 0, are given by:

w,,=%ic, (w,,=mxin where i=+-1, (24a)
and
2
czzL, m=—£, nz____S_P-_P_, n>0. (24b)
P 2 r 4

The first of equation (24a) reveals that the required condition for the application of Hopf
bifurcation is fulfilled. .

For sufficient small values of the speed V , all the roots of the characteristic equation are in the
left hand side half-plane of the complex variable and the zero solution of the system is

asymptotically stable. The value V =V, for which the two roots of the characteristic equations
are purely imaginary and the remaining two are complex conjugate and remain also in the left
hand side half-plane of the complex variable, is critical and corresponds to the critical flutter
velocity.

Remembering that the condition of Hopf-Bifurcation is obtained if the characteristic equation has
a pair of purely imaginary roots, then, in order to identify the *“undangerous” portions of the
stability boundary from the “dangerous” ones is necessary to solve the stability problem for the

system of equations in state-space form in the critical case of a pair of pure imaginary roots.

13



The expression of the boundary of the region of stability R for the open/closed loop cross
sectional wing in a supersonic/hypersonic flow field is defined by the equation:

1 pa— } 2 2 2 —
R= 3 uwm M _p(y 2 -v iy (e, - OBr2 vy + 2M _ug, + 2M _pat,)

1)
+Vyla+3x2 +6x,(r, -1)-6x. [F -3m 2 Br2em_poe, + (+w vy +2M _uat,)|
+Vyolaw + 3w + 6V, ~6x,@ +V¢, ) (2 - 22+ Briem_um¢ , + (1+w,)

vy +2M_um¢, |+ Vyolsa + 3ox2 +6VE, —6x,@ + V¢, Br2 (vy + 2M_uc,

oM _u@l, Wvyla+axd +6x,(x, -1)-6x, oM _pur2 M _u(l+3% +v,)

+20, (Vy +2M _u@g )|+ VyBM _ud¢, +6M _uaxll, —3M _px,(V +48¢,)

+V(y+3M_u-3M_ux, )l=0 | (25)

Notice that this expression is general and includes the relationship between the flutter speed and

the flutter frequency, parameters evaluated on R =0 in terms of the basic geometrical and flight
parameters. In the particular case in which the structural damping ratios in plunging and pitching
are discarded and y = 1, i.e. no correction for the flight speed range is included, the expressions

of frequency Y, and speed V. on the flutter instability boundary can be obtained as:

2

) rle(l=x, P +1-2x,(1-x,) |
=|Za | e TN - L - 26
*e [w] (v )7 +@ 1= %) +1] 20
V. = UF - #M\/ x;'(EZXF_l)r;(XF_I) ‘ (27)
" b, Jxr Vel r, + 0-x )@ xe -1y )1+ y)

These expressions, constitute the extended counterparts of those obtained by Ashley and

21,23

Zartarian in the case of absence of the control. As a result, Egs. (26) and (27) represent the
dimensionless flutter frequency and flutter speed of the closed-loop system. As a remark, in these
expressions only the linear control gain is involved.

In Fig. 3 the influence of the linear control gain y, on the flutter speed is emphasized. It clearly
appears that with the increase of the control gain, an increase of the flutter speed is experienced.

Moreover, toward larger values of y, the control is more effective and a larger increase in the

flutter speed is experienced. )

Following the ideas developed by Liapunov27 — Bautin'®, the dangerous or undangerous portions
of the flutter instability boundary can be determined, via determination of the sign of the
Liapunov’s coefficient. Following Bautin, the system of equations (21) is reduced to the

canonical form as:

14



dg;

d—=—052 +Q1 (él'gz’é“éJ 27
Lot 0,680,808 (270)
dé‘ =m&;-n+0, (51,57,51,64) (e7¢)
idé’t';::néx”mg‘;+Q4(§l’§”€"§4) (274)

where m, n and ¢ are determined by Eqgs. (24b). In Eqs. (27) Q, denote the nonlinear terms

appearing in the canonical counterpart of Egs. (21). The expression of the first Liapunov quantity

is given under a closed form in Ref. |. For the present case, the first Liapunov quantity is
expressed in terms of the coefficients A{) a
3 2)
LW, )= (4l + Al + 4+ A1), (28)
where, the terms in the bracket of Eq. (28) are expressed via the coefficients a!/) appearing in .

Egs. (18), as:

; |
Alfljs) =— A (a/3a§2)2a7éa7!a25 +d,4a222a7ka21a25) (29)
0

The various components of (28), evaluated on the instability boundary are explicitly expressed

as:
I
AI(R =A_(‘5{13a§;)2 +(52Ma§;% 2 (30a)
0
1
Ag% == A ( 23“92 74‘122% )122 , (30b)
0
5 1
Al(IZ) = X—(&zzag)z + dz«zag% 22a122 ; (30c)
0
Al(;)Z A (d ag)z +(214a722 }1,20.'222 . (30d)
0

where the adjoint of a matrix is defined as [O?J.P]z Ao[ajp ]" and A, =“a,.j " is the determinant of

the matrix of coefficient ¢; . In addition, the parameters «; are:



@ @ Gy L0
a a a a
R I 31
a,” 4z | |4 4
aga) afs) ags)
o, —aﬁl) al! ai‘) c'aiz), (31b)
2 '}
W d of
(I) ag') agl) a§3)
0y, +cl ; Al (31¢)
(’) aﬁz) a§2) aﬁ“)

while the coefficients of the system of Eq. (29) are:

2 3 2
ag:; (5SB+6CW2) _ ”ajxa __5A Mm(1+‘},)/l [(;’CO _I)Xa + T ]
Vl;.(ra- _Xa) lzu(ra- _Xa)
= (ESSNL +5CCNL )Xa _S,AANL [(xo - I)Xa + raz] , (32a)
M_(L+y A (xg 1+ x,)
2u(? - %)
= —(SSSNL +5CCNL)+5AANL (xo -1+ Za) . (32b)

Herein the physical and aerodynamic nonlinear parameters as well the nonlinear control terms

2
a222 (5 B+5€w”V (rza_x )+5A
F\a a

are defined as:

2

S B 2 , 33

" VFz(r;aZa ( )
M_(l+y)} _
12u(Z -2,

7
T ) .
where V, is the flutter speed. Moreover, §,,8, and . are tracers that, depending on the effect
that are identified, should be taken as one when the respective effect is taken into account, and
zero when is discarded.
Defining [5”,]: [a » ]" and noticing that ¢ >0, the flutter critical boundary is undangerous or
dangerous, if the following inequalities, L(V,)<0 and L(V,)>0, are fulfilled, respectively,

where:

(V ) ( na% 14%2%)’21 ( nag)z 24“532 )122
(duag)z +d74a722 ﬁzzan + (&nag)z '*'dmazv7 }xlzazzz . (36)
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In an extended form, the above expression can be cast as:

LV, )= (65Sw +6:Cy (&_IJXa au (anXa &:24 )1;2 +(T LY £ "EM)I zanz +( EyXa ~ EN )1’12(1222]
—5_.4A,VL{513[(XU —I)Xa T, ]_am (x() -1+, )}]; + Y, [(r 1)Xa +7, ] oy, (XO t+x, )hwz
+hz; [(x() ~DXa +7a ]'&24 (=14 %, )}2220‘122 +Exs[(xa =X s ]_ é&,(x, ~1+x, )}xllaﬂ . (37)

Using the expressions of S,,, A,, and C,; (Eqs. (33) through (35)); from Eq. (37) that is
multiplied by V,.*, paralleling the procedure devised in Refs. 1 and 2, the character of the flutter

boundary, i.e. undangerous or dangerous, may be expressed, respectively, under the concise

form as:
V. <V or VZ2>V2 (38a,b)
where:
Vi=A/A,. (38c¢)

In Eq. (38c) the parameter A, contains the physical and the nonlinear control gain parameter,

whereas A,, includes the aerodynamical nonlinearities. These are expressed as:

8.B+3.y, ' _ _ _
( a4 ) [( HXa dM ;l+(dZBXa _d24
(ra —Xa)

+(§23X(1 _524)122%22 (ana d }1120‘22] , (39a)

3 —
A, = %H‘)‘{g [(xo _1)10: +r, ] du(xo -1+, )hgl
%4 l+Xa )}1;2

A=

+ Bl -z, +12 )
+{—§23[(xo l)xa 2] ‘22 1+xa)h22a122
Bl -, 2 Bt 2 o . (390)

As a very important consequence, in absence of nonlinear control, for B<0, i.e. for soft

physical nonlinearities, the expression of V* is negative, and the relation V2 >V? is satisfied for

r

any flight supersonic Mach number. This implies that in this case, even in the presence of the
linear control, a subcritical Hopf-Bifurcation is experienced, (see Fig. 9, where the Liapunov
First Quantity is depicted). On the other hand, for B >0, i.e. for hard physical nonlinearities, in
dangerous one occurs at higher fhght Mach numbers (see, for example Fig. 9).

Moreover, as mentioned before, if x, =1, Eq. (37) reduces to the following one:



(V ) (5SSNL +6 CNL)lal’SXa —aTJbgl + (E;J,'(a -0534 szz +(EZ‘3/¥0 —(124 h:zalzz + (Ell.zxa —a;J hlzazzzj
—-3,Ay [(O(” Fa a14Xa)7‘ +((X23 T =00 X4 hgz +(a;3r¢: -0 X, )1:20‘&22 +(a;3raz -0 X }leazzz] ,(40)

In this case, it clearly appears that a decrease of the influence of the aerodynamic nonlinearities

on the aeroelastic system is experienced.

Critical Flutter Boundary: Stability Analysis in

Presence of Active Control

As to render clearly the results concerning the critical flutter boundary for open/closed loop
cross-sectional wings, as displayed in Figs. 6 through 16, some explanations on a couple of

generic plots, Figs. 4a and 4b, are given next. In Fig. 4a, the intersections of the two curves V.

and V,, separate the parts of the flutter boundary that are undangerous (for V., <V ) from the

dangerous ones, for which the opposite relationship is satisfied, namely V. >V, . Needless to say,
in such a case a switch of the sign in the first Liapunov quantity occurs, (see Fig. 4b). The graph
depicting the first Liapunov quantity L(VF), that defines the portions of the boundary of the
region of stability, is displayed in Fig. 4b. On the curves that represent the flutter critical
boundary, the “dangerous” and “undangerous” portions are being indicated for each case by the
dotted and gross lines, respectively. In the range in which V. <V , we have the following
possible situations: i) for V <V, as time unfolds, a decay of the motion amplitude is
experienced, which reflects the fact that in this case the subcritical response is involved, ii) an
ideal condition, for V =V the center limit cycle occurs, which reflects the fact that in this case a
periodic orbit is experienced and iii), for the speed parameter V >V, the response becomes
supercritical, while for V, >V, the subcritical flutter boundary is experienced. The parameters in
use for the simulations, unless otherwise specified, are chosen as:
u=100;x,=0250=12r,=05¢,=¢,=0x,=05y=lxk =146, =86, =0, =1;B=50.

The effect of physical nonlinearities on the character of the flutter boundary is carried out in
terms of the nonlinear parameter B, see Eq. (4). For the condition indicated, the aeroelastic
system appears to be characterized by subcritical Hopf bifurcation in the upper half plane
(dangerous flutter boundary) and supercritical in the lower half plane (undangerous flutter
boundary). The graph depicting the first Liapunov quantity L(V, ) for uncontrolled lifting surface

and for the cases in which aerodynamic and physical hard nonlinearities are retained, is
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separately and together. It clearly appears that in presence of aerodynamic nonlinearities only,
the Liapunov quantity is positive for any flight Mach number. This result reflects the fact that
this type of nonlinearities provides a “catastrophic” character to the flutter boundary, implying
the opposite situation is experienced. In this sense, at relatively moderate supersonic flight Mach
numbers, the flutter is benign, while with the increase of the flight Mach number, the flutter
becomes dangerous. This implies that for larger flight Mach numbers the effects of the
aerodynamic nonlinearities become prevalent. It is also shown that the neglect of nonlinear
aerodynamic terms, yields inadvertent results related to the character of the flutter instability
boundary, especially at high flight Mach numbers, when the aerodynamic nonlinearities become
detrimental from the point of view of the character of flutter boundary.

Moreover, as a consequence of these results, if the aerodynamic nonlinearities are discarded

(5, =0) the aeroelastic system features supercriticality or subcriticality for any flight Mach
number, depending on whether hard (B >0) or soft (B <0) physical nonlinearities are present,

respectively.

The influence of the hard physical and aerodynamic nonlinearities for controlled/uncontrolled
system is presented in Fig. 7. The dotted and solid lines identify the case in which both physical
hard (B =50) and aerodynamical nonlinearities, and aerodynamic nonlinearities only (B =0),
are included, respectively. The control mechanism act in both situations toward the stabilization
of the system, i.e. to enhance the flutter behavior. Also in this case, the inherent dangerous
character of the flutter boundary that corresponds to the case when only aerodynamic
nonlinearities are considered, can be converted into a benign one.

Figures 6 and 7 show that the soft nonlinearities contribute to render the system unstable and that
only acting with a nonlinear control the inherent catastrophic type boundary can be converted
into a benign one (Fig. 6). Moreover, it clearly appears that the linear active control cannot
change the character of flutter boundary when soft physical nonlinearities are present (Fig. 7).

From Eq. (28) defining the Liapunov quantity, the supercritical parts of the flutter boundary are

defined in a closed form. Moreover, by using Egs. (37), curves associated with V. and V, have
been plotted in Figs. 10, 12, 14 for B=50 and 6, =1. Each of these graphs present in the plane
(V, Aiigh) (A=M K, where & = 1/(ux,r, ) is the scaling factor), the dangerous and undangerous
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portions of the flutter boundary for open/closed loop sectional wings. The corresponding
Liapunov quantity, is depicted in Figs. 11, 13, 15, in the plane (L, Anign). Moreover, in Figs. 10
through 16 aerodynamic and physical hard nonlinearities have been included 6, =1, &; =1;

B =50. With dotted lines are marked the values of the flight Mach number where the transition
from the benign to the catastrophic character of the flutter boundary occurs. As a consequence, a
complete picture of the variation of dangerous and benign parts of the flutter boundary has been

provided. In the plots depicting the Liapunov quantity, the gain parameters ¥, (i=/,2), help to

understand the potentiality of the linear and nonlinear active control to enhance the flutter

instability behavior and convert the dangerous flutter boundary into an undangerous one.

Notice that, the linear active control is able to act also toward the enhancement of the flutter

V. was depicted, and the beneficial influence on the increase of the flutter speed revealed.

The dangerous and undangerous portions of the flutter boundary for open/closed loop sectional
wings via the use of the two different aerodynamic theories (PTA and SWT) are presented in .
Table [, it can be revealed that the PTA givérs-ﬁmg;e conservative results (less then 3% difference
at the transition flight Mach number), as compared with the SWT, in the sense that within PTA

the transition from the benign to catastrophic flutter boundary appears at slightly lower flight

Mach numbers as compared with those featured by SWT. This conclusion was expected by

comparing the cubic nonlinearities in the tw essure expressions (see Eqgs. (10) and (12)),

wherefrom it clearly appears that the one withi,;_t—l;eﬁi’TA is larger than that in SWT.

Conclusions

It was shown that in some circumstanrc@!E hard physical and aerodynamic nonlinearities
character of the flutter critical boundary, in the sense that the “hard” nonlinearities render the
flutter boundary benign, whereas the “soft” ones contribute to its catastrophic character. In
addition, at high flight Mach numbers the aerodynamic nonlinearities contribute invariably to the
“dangerous” character of the flutter boundary. This implies that, with the increase of the
hypersonic flight speed, when the aerodynamic nonlinearities become prevalent, the flutter

boundary will become catastrophic, irrespective of the presence of hard physical nonlinearities.
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On the other hand, soft physical nonlinearities (B<0) contribute in the same sense, as the

aerodynamic nonlinearities, to the dangerous character of the flutter boundary. It was also shown
that, in the case when due to the nature of the involved nonlinearities, when the catastrophic
aeroelastic failure can occur, an active control can be used as to convert the flutter boundary in a
benign one or to shift the transition between these two states toward larger flight Mach numbers.
Numerical simulations illustrate that: i) the increase of the values of the active control gains
yields an increase of the “undangerous” portions of the flutter instability boundary, ii) with the
increase of the supersonic flight Mach numbers that results in an increase of aerodynamic
nonlinearities, a decrease of the “undangerous” portions of the flutter instability boundary is
experienced, iii) in the cases in which catastrophic aeroelastic failures can be experienced, the
active control capabilities can render the flutter boundary safe, in the sense that its crossing does
not yields a catastrophic failure, and iv) a comparisons of the results provided when PTA and the
SWT are used, reveal that the PTA gives more conservative results.

As clearly appears from this paper, the issue of generating the active control moment was not
addressed. It is in the authors’ believe that this can be produced via a device operating similarly
to a spring, whose linear and nonlinear characteristics can be controlled.

To the best of the authors’ knowledge, this is the first paper where the problem of the character
of the flutter boundary of cross-sectional wing was approached in a so general context, in the
sense that, the implications of the various nonlinearities considered in conjunction with the
presence of a control capabilities have been considered together as to analyze this problem, and
determine also the combination of those nonlinearities and parameters that can yield a
conversion of the catastrophic type of flutter into a benign one. Needless to say, the concept and
methodology presented here can be extended as to treat more complex associated problems

involving 3-D straight and swept aircraft wings.
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Appendix A

The coefficients of the aeroelastic governing system represented in state-space form, Eqs. (21):
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Figure Captions

Figs. 1a and 1b: Character of the flutter boundary in the terms of LCOs amplitudes — Vr flutter
speed of the linear system; H-B: Hopf-Bifurcation.

Fig. 2: Comparison of the predictions of the flutter speed vs. the flight Mach number when using
Piston Theory Aerodynamics (PTA), of aerodynamics based on Shock Waves Theory (SWT),
and of exact unsteady supersonic aerodynamics,

(=100, =0250=12r,=05¢,=¢(,=0;x,=05).

Fig. 3: Flutter speed vs. flight Mach number. Influence of the linear control gain v/, .

Figs. 4a and 4.b: Generic representation of the dangerous and undangerous portion of the flutter
critical boundary. The upper plot (4.a) is in the (V — Mgign) plane, while the bottom one (4.b) is
in the (L — Mpigno) plane; L < 0 correspond to V; > Ve and vice versa.

Fig. 5: Evaluation of the flutter speed for selected flight Mach numbers vs. linear control gain

v,.

Fig. 6: Influence of the physical and aeroaj)fﬂéffﬁbal nonlinearities on the First Liapunov
Quantity L for the uncontrolled cross-sectional wing.

Fig. 7: Influence of the physical nonlinearities on the First Liapunov Quantity L in the
presence/absence of linear and nonlinear ,e;;;i._;e”control gains. Aerodynamic nonlinearities
retained. Flutter character change for system encompassing physical hard nonlinearity.

Fig. 8: Conversion from subcritical to supercritical H-B via nonlinear active control, for system
encompassing physical soft nonlinearity (B=-10).

Fig. 9: Subcritical H-B for system encompassing physical soft nonlinearity (B =-10), linear

active control included.



Fig. 10: Undangerous and dangerous portions of the flutter critical boundary in the presence of
linear control.

Fig. 11: Influence of the linear control on the First Liapunov Quantity L.

Fig. 12: Undangerous and dangerous portions of the flutter critical boundary in the presence of
nonlinear control.

Fig. 13: Influence of the nonlinear control on the First Liapunov Quantity L.

Fig. 14: Undangerous and dangerous portions of the flutter critical boundary in the presence of
linear and nonlinear controls.

Fig. 15: Influence of the linear and nonlinear controls on the First Liapunov Quantity L.

Fig. 16: Undangerous and dangerous portions of the flutter critical boundary with and without

Table

Tab. 1: Undangerous and dangerous portions of the flutter critical boundary for PTA and SWT.
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Aight | Atuer | A< PTA | A, - SWT | 10°L-PTA | 10° L-SWT
1200 | 2.182 | 2.263 | 2386 |-6.679 | |-15.437
1208 | 2.189 | 2256 | 2.378 |-5.402 g|§ | -14.107
1216 | 2196 | 2.248 | 2.370 |-4.164 §i5 | -12.817
1224 | 2203 | 2241 | 2.362 |-2.965 S | -11.566
1232 | 2211 | 2234 | 2355 |-1.803 5[ |-10.352 |2
1240 | 2218 | 2.226 | 2.347 |-0676 J |-9.175 32
1248 | 2225 | 2219 | 2339 |0.416 -8.033 § 3
1.256 | 2232 | 2212 | 2.332 | 1.474 -6.925 § 5
1.264 | 2239 | 2205 | 2.325 | 2.501 -5.849 5|3
1272 | 2.246°| 2.198 | 2317 | 3.496 -4.806
1.280 | 2.253 | 2.191 2.310 |4.461 |2 | -3.793
1.288 | 2260 | 2.185 | 2.303 |5.396 32 |-2.811
1296 | 2.267 | 2.178 | 2296 |6.304 g3 | -1.857
1.304 | 2274 | 2171 | 2289 |7.183 §l§ | -0.930
1.312 | 2.281 | 2164 | 2.282 |8.037 |2 |-0.031
1.320 | 2.288 | 2.158 | 2275 |8.865 0.842 1.
1.328 | 2.295 | 2.151 | 2268 | 9.668 1689 ol§
1.336 | 2.302 | 2.145 | 2261 | 10.447 2512 83
1344 | 2.309 | 2139 | 2254 |11.202 3312 gy
1.352 | 2.316 | 2.132 | 2248 | 11935 4.088 9|5
1.360 | 2.322 | 2126 | 2241 | 12646 | |4.842 [

Tab. 1




